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Abstract 



We derive new results about existence and uniqueness of local and global solutions for non- 
[~^. | linear Schrodinger equation, including self-similar global solutions. Our analysis is performed in 

^^ ■ the framework of Marcinkiewicz spaces. 

>' 

^ ■ 1 Introduction 

5-H 



We consider the nonlinear Schrodinger equation 

id t u + Au = X\u\ p u, ief, teR, (1.1) 

u(0,x) =<f>(x), x el", (1.2) 

where u = u(t,x) is a complex valued function, A is a fixed complex number, and < p < oo. The 
initial value eft : W l — > C is given. The Cauchy problem (|1.1|) - ([1.2|) is formally equivalent to the 
integral equation 



u(t) = S(t)<j> - iX [ S(t - s)(\u(s)\ p u(s))d& 
Jo 
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where S(t) is the unitary group determined by the linear Schrodinger equation 

d t u - iAu = 0, x G K n , t€R. 
If 4> G S{R n ) and u is defined by u{t){Cj = e-Wtffc), for f G M n , then 

u t + i\£\ 2 u = 



in 



<9 4 u - iAu = 0, x G R n , t G R, (1.4) 

u(0,x) = <f>(x), x £K", (1.5) 

is given by u(t) = S(t)<j) = K t * (f), where K t (x) = (e - *^ * 

Existence and uniqueness of local and global solutions of problem (|l.ip - (|1.2|) have been much 
studied in the framework of the Sobolev spaces H s , s > 0, i.e, the solutions and their derivatives have 
finite energy. See, for instance, Ginibre and Velo [H]-[l5], Kato [9]- [TO], Cazenave and Weissler[3] 
-[6], and the references therein. 

As far as we know, the first authors to study infinite energy solutions of (|l.ip - (|1.2p were Cazenave 
and Weissler in [7]. There, they consider the space 

X p = {uG L£ c ((0,oo), LP +2 (R n )); suptf \\u(t)\\ LP+ 2 < oo}, 

where ^ = k — wzr^) anc ^ II ' Wlp+ 2 denotes the usual L p+2 norm. Under a suitable smallness condition 
on the initial data, they prove the existence of global solutions of (|l.ip - (jl.2p in X p , for p in the range 

If n = 1 or n = 2, condition (|1.6p is equivalent to po < p < oo, where po is the positive value of p for 
which £pj = ^. If n > 3, it is equivalent to po < P < ^2- Later on, in [2], the Cauchy problem 
(ll.ip - (ll.2p was studied in the framework of weak-L p spaces. Using a Strichartz-type inequality, 
the authors obtained existence of solutions in the class L^ p '°°' (R n+1 ) = L^' 00 lLx°°) , where 

(t, x) G R x R n and p = y n ^J , for p in the range 

4(n + l) 4(n + l) 4 

Po < 7 —rk <P< 2 < o- L7 

n(n + 2) n z n — 2 

In [16], the existence of solutions with initial data in the Besov space -B 2 P ' (R n ), with positive 
regularity s p = ^ — - > 0, was proved for p in the range po < ^ < P < °°- Note that if 
/ G B 2 P ' (R a ), then / has at least local finite energy. 

We study equation (|1.3f) in functional spaces of infinite energy. In the first theorem proved here, 

we consider the initial data (f> belonging to the Marcinkiewicz space L^p+ 1 '°°, and show existence 
and uniqueness of local in time solutions in the class 

T f ol — ^ 

E a,3 = \ n ; IMk/3 = SUp \t\ 2 ||«(t)||(p +2 ,oo) < °°}, 
-T<t<T 



where 



(<*-£) 



np 



-^— o l); _2) ) witn ¥ < £ff Note tnat iF < f+f is equivalent to < p < p < ~- So, our 
range for p is different from the ones in [Zl El US]- The norm || • || a ^ is not invariant by the scaling 

2 

w^(t, x) = p~pu{p 2 t, /j,x). This is a key point to obtain local in time solutions in Marcinkiewicz spaces. 
It is also worth noting that our result allows one to consider singular initial data as, for example, 

"(P+1) ( P+2 } 

homogeneous functions \x\ p+ 2 6 I/p+i' '. 

Our second theorem concerns global in time solutions. We show existence of such solutions in 



norms of type sup| t | >0 [i[ a / 2 ||u(£)|| L ( p+ 2,oo), where ^ 



2(p+2j 



and 



Po < P < 



n 



(1.8) 



This extends the result of Cazenave and Weissler jJJ to the context of Lorentz spaces. Note that 
range (|1.8p is greater than range (II. 7\\ . 

As a corollary, we show that when the initial data 4> is a homogeneous function of degree — , we 
obtain a self-similar solution, if || S'(1)0|| (p-1-2,00) is sufficiently small. Moreover, we discuss asymptotic 
stability of the global solutions, and show that regular perturbations of the linear Schrodinger 
equations are negligible for large times. We also analyze the behavior of the local solutions as t — > 
in the space L( p+2 '°°). 

Our approach is different from the methods used in [21 [16] , where the authors use a Strichartz- 
type inequality in weak-L p and Besov spaces, respectively. Indeed, our existence results are based 
on bounds for the Schrodinger linear group S(t) in the context of Lorentz spaces. In Lemma 12.11 
we state and prove these bounds via real interpolation techniques. They generalize the bounds for 
usual LP spaces used in [7]. 

In section [2[ we carefully state our results and discuss their improvement in the light of previous 
results. We prove them in section [3[ 

2 Main Results 

We first recall some facts about the Lorentz spaces. For more details see, for instance, [1J and [17j . 
Let 1 < p < 00 and 1 < q < 00. A measurable function / defined on W 1 belongs to Lorentz space 
£&».«) (R») if the quantity 



(p.?) 



P 

Q Jo 

1 



tpf**(t) 



1 dt\ 1 

T 



SUp tv f**(t) 

t>0 



if 1 < p < 00, 1 < q < 00, 
if 1 < p < 00, q = 00, 



is finite, where the /** is defined for t > by 



/**(*) = 7 triads, 

1 Jo 



where 



f*(t) = mf{s>0;m{x£R n : \f(x)\ > s} <t}, t > 0. 



Note that LP(R n ) = L^'P\R n ). The spaces Z>'°°)(R n ) are called weak-I? spaces or Marcinkiewicz 
spaces. Lorentz spaces have the same scaling relation as LP spaces, that is, for all A > one has 

n. 

||/(Ax)||(pg) = A p ||/||( Pi g), where 1 < p < oo and 1 < q < oo. Morover, Lorentz spaces can be 
constructed via real interpolation [lj. Indeed, 

£(p,«)(M») = (^(M"), L 00 (M n )) 1 _ i 1< p < oo. 

They have the interpolation property 

(L(po.9o)(R"),L(pi.9i)(]R")) fltg = L(P.8)(R n ), 

provided < p < Pi < °o, < (9 < 1, | = ^ + ^-, 1 < qo,qi,q < oo, where (•, -)fl,g stands for 
the real interpolation spaces constructed via the ET-method PQ. 

We begin by bounding the Schrodinger group S(t) in Lorentz spaces. 

Lemma 2.1. Let 1 < d < oo, and 1 < p < 2. Lf p' is such that - -\ — ? = 1 ; i/ien i/iere exists a 
constant C = C(n,j,p) > such that 

\\S(t)ip\\ VA <C\t\-^^\\ip\\ Ml (2.1) 

for all ip £ L(P' d \R n ) and all t j*= 0. 

Proof. Fix t ^ and let 1 < p < p < p x < 2 such that h = £ + ^ and < A < 1. By 
the well known LP = L^ p,v ' estimate of Schrodinger group, we have that S(t) : L po — ► L p o and 
«S(£) : L Pl — > L p i, where the operator norms are respectively bounded by 



\\s(t)\\> < citn^-v, 



\\s(t)\\ Pl ^ p , < c\t\-^~ x) . 

Through real interpolation, 

|A IICVvAlll-A 



\\S{t)\\ M ^, 4) < \\S{t)\\ir^\\S{t)\\^ 

< (c\t\~^ ( m~ i) \ (c|tr2 ( w" -i) ) ~ A 



n r(f-i) 



= C\t\~* K *' 
which is equivalent to (|2.1H . D 

2 " i „ 2 n(p+l) 

From now on, we denote a : = and p :— 



Definition 2.2. Let < p < oo and < T < oo. We denote by E a and Ez.q the Banach spaces 



p p + 2 p {p + 2) 

and E aj3 

E a = |n; [t|* « e BC((-oo, oo); L^ +2 -°°))} , (2.2) 

El/3 = {u; \t\^uG BC((-T, T); Z>+ 2 >~))} , (2.3) 



with respective norms 



\u\\ a = SUp |i|2 ||w(t)||(p +2 ,oo), 
— oo<t<oo 



and 

a-/3 

\\u\\a,l3= SUp |t| 2 ||«(*)||(p+2,oo). 
-T<4<T 

which are weakly continuous in the sense of distributions at t = 0. 

Definition 2.3. Lei < T < oo. A mzW solution of the initial value problem 111. J|) -< TO|) in i/ie space 
^a/3 (respectively, in the space E a ) is a complex valued function u G -E^ ~ (respectively, u G i? a j 
satisfying equation il.3\) for all < \t\ < T , such that u(t) — v (ft when t — ► in the sense of 
distributions. 

Our main results are 

J1Q Q — I— 2 

Theorem 2.4. (Local in time solutions) Let < p < oo and — < 



2 p+1 



i. // </> G L^p+i' 00 , then there exists < T < oo snc/i £/ia£ t/ie initial value problem lil.l]) - 
lil.ty ) has a unique mild solution u(t,x) G fiL, with T = T((j)) = C\\(j)\\ 6 +2 > where 5 = 

l-^(p + l)>0. 

5. Moreover, if (ft n G i/p+i' 00 ' is a sequence of functions satisfying (ft n — > in L^p+ 1,0 °', i/ien 
£/iere exists < Tq < oo and no G N snc/i £/ia£ ; /or n > n$, the solutions u n and u with 

rp rp 

respective initial data (ft n and (ft lie in E^3 an< ^ u n ^> u in E a °a. Actually, the solution map 
(ft i— > u is Lipschitz continuous. 

O ~\~ 2 TIO 

Theorem 2.5. (Global in time solutions) Let < p < oo and < — < p + 2. 

/?+ 1 2 

i. If (ft is a distribution such that sup_ 00<t<00 |t| z\\S(t)(ft\\( p+ 2,oo) < £ > S or £ > small enough, 
then the initial value problem il.l\) - [L2]) has a global in time mild solution u(t,x) G E a . This 
solution is the only one satisfying \\u\\ a < 2e. 

2. Futhermore, if {(ft n ) is a sequence of distributions such that \\S{t)(ft n — S{t)(ft\\E a — > when 
n — > oo ; and u n ,u are the solutions with respective initial data (ft n and (ft, then u n — > u in E a . 

We compare the theorems above with previous results. 

• In [7], the existence of solutions in spaces of infinite energy was obtained for po < p < — ^, 
where po is the value of p for which ^- = ^. In [SJ, using Strichartz-type inequalities, 

the existence of global solutions in the class L^ p, °°> (R n+1 ) = Lf' 00 I Lx'°° ) was established, 

where p = ^"J and po < n(n+2) ^ P ^ n 1 ^ 0, Theorem 12.41 extends the set of exponents 
p where such solutions exist by including the interval < p < po- 

• In the range po < p < ^^ > Theorem 12.51 extends the global solutions results derived in [7J to 
the framework of Marcinkiewicz spaces. Our range for p is also greater than the one in [2] (see 

ED- 



Theorem 12.41 assures the existence of local in time solutions even for singular initial data 

t n(p+l) / p+2 \ 

(ft{x) = Pk(x) \x\ p+ 2 G L^p+ 1 ' , where Pk(x) is a homogeneous polynomial of degree k. 

As far as we know, there were no previous existence results covering this case. On the other 
hand, we were not able to obtain self-similar solutions in E a ^ though, since the norm || • \\ a p 



i 



is not invariant by the scaling relation u M (t, x) = ppu(p t, fix). 
As a direct consequence of Theorem 12.51 one can show the existence of a self-similar solution. 

Corollary 2.6. (self-similar solutions) In addition to the hypothesis of Theorem 1 2. 51 if the initial 
data (j) is a sufficiently small homogeneous function of degree — , then the solution u{t,x) provided 

by Theorem \2.5\ is self-similar, that is, u(t,x) = ppu(p 2 t,px) for all p > 0, almost everywhere for 
x G R™ andt> 0. 

Remark 2.7. Let -Pfc(x) be a homogeneous polynomial of degree k. The set of functions (ft which 
are finite linear combinations of functions of the form — 7^5- is an admissible class for the existence 

\x\ P 

of self-similar solutions for problem 111. i|) -( TOj) . 

We also analyze the large time behaviour of the solutions given by Theorem 12.51 an d study the 
behaviour of the solutions given in Theorem 12.41 near to time t = 0. These are the content of the 
following theorem. 

Theorem 2.8. 1. (Asymptotic stability) Suppose < h < 1 — ^{p + 1), and let u, v G E a be 
two global solutions of problem ( fi. 1\ )- [L2]) obtained through Theorem \2.5\ corresponding to 

respective initial conditions (ft, ip £ L p +1 . // lim \t\^ \\S(t)(<ft — <p)\\( p +2oo) = ®> then 

lim \t\% +h \\u(t)-v(t)\\ { )= 0. (2.4) 

\t\— >00 

2. (Decay rate as t — > 0) Suppose 5 = 1 — ^-^-{p + 1) > 0, and h > —5 . Let u, v G E a ^ be two 
local solutions of il.l\) - [L2^) obtained through Theorem\2.4\ corresponding to initial conditions 



/ P+2 \ a-/3 , 

(ft, tp G L ^+ 1 ' , respectively. 7/lim|t| 2 *' \\S(t)((ft — (p)\\< +2oo \ = Q, then 

lim \t\^~ h \\u{t) - v(t)\\ {p+2t00) = 0. (2.5) 

Let us comment some improvements produced by Theorem 12.81 
• (Asymptotic stability) Theorem 12.51 already gives 

sup |t|t \\ u (t) - v(t)\\ ( 2 } < 00. 

|t|>0 



Thus, it is obvious that the estimate (12. 4p holds for h < 0. On the other hand, the first item 
in Theorem 12.81 extends this property for the range < h < 1 — ^(p+ 1). However, more 
regularity on the initial perturbation (ft — (p is required though. For instance, assuming (in 

P+2 

addition) that (ft — ip G Lp +1 , one obtains 

lim \t\^ +h \\S(t)((ft-p)\\ {p+2tOo) =0, 

\t\— >oo 

with < h < -|. Observe that -f = 1 - § (p + 1) > 0, when p < p < -^ 2 - 



(Decay rate when t — ► 0) By bound (13. 2|) . one can see that 

jt^-fc \\ u( t) - v(t)\\ {p+ 2,oo) < l*! 2 ^"* W)fo " ¥>)ll(p + 2,oc) + C I*! 5 "" 



which implies the bound (12.51) for h < 5. Assuming further regularity for 4> — ip, the second 
item of Theorem 12.81 extends this property for the range h > —5. 

3 Proofs 

The following Lemma is important to our ends. For its proof, see [8]. 

Lemma 3.1. Let < p < oo and X to be a Banach space with norm || • ||. Suppose B : X — > X to 
be a map satisfying 

\\B(x) - B(z)\\ < K\\x - z\\ {\\x\\ p + 11*11'') , (3.1) 

-B(O) = 0, and let R > be the unique positive root of equation 2 p+l K{R) p — 1 = 0. Given < e < R 
and y G X , y ^ 0, such that \\y\\ < e, there exists a solution x £ X for the equation x = y + B{x) 
such that \\x\\ < 2e. The solution x is unique in the ball B<i e '■= B(0,2e). Moreover, the solution 
depends continuously on y in the following sense: If \\y\\ < e, x = y + B(x), and \\x\\ < 2e, then 

1 

\\x — x\\ < n \\V — V • 

Now, we state and prove the necessary estimates in order to apply Lemma 13. II in our case. 
Lemma 3.2. Let < p < oo and B be defined as 

B(u) = -iX J S{t - s){\u(s)\ p u(s))ds. 
Jo 

TIO o ~\~ 2 

If — < , then there exists a positive constant K n g such that 

2 p + 1 ' p 

, (a-/3)(p+l) / _ . \ 

\\B(u) - B{v)\\ a ^ < K^T 1 a \\ u - v\\ a ,p (\\u\\ p a ^ + ||«||y , (3.2) 

for all u, v (zE^„. On the other hand, if < — < p + 2, then there exists a positive constant 

K a such that 

\\B{u) - B{v)\\ a < K a \\u - v\\ a (\\u\\ p a + \\v\\ p a ) , (3.3) 

for all u, v € E a . 

Proof. Without loss of generality, we assume t > 0. First note that if t£ < p -^- < p + 2, then 



°HiU _l_ n ^ 1 o,n^ «/2(p+l) 



2=£(/9 + 1) < 1 and K^g^ - 1) < 1. Therefore, 



B(u) - B(y)\\( p+2i00 ) < / ||S(t-s)(|u| p u-M P w)ll(p+2,oo)d« 



o 



< C J (t - fl )-f W-U||(|„ - v|)(|u|> + b| P )ll (£ ±2 oo)^ 

Jo p+1 ' 

/"' n/ 2(p+l) u f \ 

<Cj o (t-s) ^ p+ 2 'llw-^llcp+^oo) (^II«II£h- 2 ,oo) •+- l]"ll&H-2,oo); <*« 

^, / 2=£„ ,, / (.°>-P)p ,. ,. (c-0)p .. , l0 \\ /"* ■ a-j3 ^-/3 f ^ 

<C sup t 2 ||n-«|| (p+2i00) sup [t 2 IHIJ 2 } +t ^ lbll( p+2 ,oo)) /(*-*) 2 s 2 iP >d 

\0<t<T 0<t<T v ^ ' ' U J JQ 

which proves l{B3|> . On the other hand, if gy < ^ < p + 2, then §(,9+1) < 1 and § (2tegl_i) < i. 
In this case, 

||B(u)-5(u)|| (p+2i0o) <C / (t-s) ^ p+2 || u _ v || (p+2j00) (J| u l!( p+2j00) + lbll( p+2i0o) J ds 

- C (t>0 ^ h ~ V|I(P+2 ' 00) S ^ IHI ("+ 2 <-) + ^ ll V H(p+2,oo)))^( i - S ) _f(2 ^ i " 1)s " f(P+1) ^ 

= kjt^ ||w-v||a(NI& + IMI£)» 

which proves (|3.3p . D 



3.1 Proof of Theorem 1X1 

Let y = S(t)4>. Due to Lemma [2TTJ one has 

a.-0 

\\VL,P= SU P l i l^ll* S ( i ) ( All(p+2,oo) < C ll^ll(4|,oo) <0 °- 
—T<t<T v p+i ' 

Using Lemma 13.21 one gets 

||B(«) - B(v)\\ a ,p < K a ^T s \\u - vWaj} (\\u\\ p a ^ + \\v\\ p a ^ , (3.4) 

where 5 = 1 — ^-^-{p + 1) > 0. Now, choose < T < oo sufficiently small, and e > such 



that \\y\\ a ,/3 ^ C|HI(£±f,oo) = e < i? := ( 2 (p+i)^ a/;r j j P - Using Lemma O with X = £^, one 
assures the existence of a local mild solution u £ E^ a. Moreover, this solution is unique in the ball 
i? 2e := B(0, 2s) C E^ a. Furthermore, through standard arguments on can prove that u(t) — > (j> 
in the sense of distributions when t — ► 0. So, solutions of the integral equation are indeed mild 
solutions in the sense of Definition 12.31 

Finally, let u n and u be the solutions with respective initial data <p n and <j>. By Lemma l3.1| one 
has 

1 C 

\\u n - u\\ Ea4i < 1 _ 2P +i Ka T s £P W S ^)^ ~ S(t)<p\\ Ea , < 1 _ 2 P+iK a pT s eP ^ n ~ ^(£i>°°)' 

This finishes the proof. 



3.2 Proof of Theorem 1231 

Apply Lemma 13.11 to the integral equation (|1.3|) with X = E a and y = S(t)(f>. In this case, the 
bound (|3.3f) gives 

||S(u) - B(v)\\ a < K a \\u - v\\ a {\\u\\P a + \\v\\P a ) . 

Now, one considers e > small enough so that ||S'(t)0|| Q , = supi 4 i >0 |t| ^\\S(t)4>\\^ p+2 ^ < e allows 
one to apply Lemma [3.11 repeatedly, in order to obtain the existence of a global mild solution u € E a . 
This solution is unique in the ball -B 2e '■= B(0, 2e) C E a . 

The continuity of the solutions with respect to the initial conditions, as well as the continuity of 
the solutions in the sense of distributions, follow as in the proof of Theorem 12.41 

3.3 Proof of Corollary [2Jj] 

Let t > 0. If the initial data cj>(x) is a homogeneous function of degree — , then S(t)4> satisfies the 

2 

self-similar property u(t,x) = /j,~pu(fi 2 t, fix). Thus, 

t Q/2 ||5(t)0|| (p+2jOO) = m^>^||S(i)0|| (p+2 ,oo) = ||SW|| (P+2)00) . 

Moreover, ||5(l)^||^p+2 is finite(see [7]). Since the inclusion L p+2 c -^ L^ p+2i00 > continuously, one has 

I|5(1¥II(p + 2,oo)<II^(1)0||lp +2 <OO. 

Therefore, if ||5(l)0||(p+2,co) is small enough , it is straightforward to show that the solution u(t,x) 
obtained in Theorem 12.41 is self-similar. 



3.4 Proof of Theorem I23EI 

Without loss of generality, assume t > 0. Subtracting the integral equations satisfied by u and v, 
one gets 



t 



*+" |K*) - V(t)\\ (p+2i0o) < **+* \\S(t)U> ~ ^)H(p + 2,oo) 



+ t1 +h 



t 

S(t-s)(u\u\ p -v\v\ p )ds 





(p+2,oo) 



Since ||"u|| Q , ||u||q < 2e, one uses the change of variable s i — ► ts, and bound 



t^ +h \\ I S(t-s)(u\u\P-v\v\ p )ds\\ {p+2:00) 
Jo 

<C ti+ h /"*(t- s )-^ ( ^^ I - :L) s -^S til -^( s ^||^C s )||f /c ,_ f . 2j00) -h^^||^C s )]|^_ t . 2j0o:> )«^ H -' l -]|^( s ) -^(^Hc^a,^)^ 



o 

(p+2,oo)< 



i / n/Ap+ll -.n ct(p+l) , a , t 

< C2'+V / (1 - s ) * ( lW ^a—T-^Cia) 2 +h ||u(ts) - u(ts)|| (p+2 «,)<&• 



•7 

Therefore, 

*#+ftn„.m ..mil ^ + f+^ 



t* + » \\u{t) - v(t)\\ (p+2!00) < t~^ \\S(t)(cf> - <p)\\ (p+2!00) (3.5) 

+ C2P +1 e p [ (1 - S )-? ( W-Vi ( p+1 ^- fc (t») t+ ft ||t*(ts) - «(*s)|| (p+2j0o) ds, 



for all t > 0. Now, define 

f #+ft 



A := limsupt2 +ft |Kt) - v (t)||(p +2 ,oo)- 



t— >oo 



Using the assumption on the initial perturbation <j) — <p, it is not difficult to show that A < oo. Now, 
note that 

limsup/ (1-s) 2i "^+2T l > s — a ft (ts) 2 +ft ||it(is) - t>(£s)|| (p+2i0o) c2s 



"! rw 2(p+l) ^ Q 

<^/ {l-s)~^ { T^+W- 1 > s -2(p+ 1 )- h ds. 



/o 
So, taking limsup in (j3.5fl . one obtains 



£— >oo 

■1 



w 2(p+l) _ 1 x q(p+l) , 

' v ro+21 */ „ o 1, 



A < ( C2 p+1 e p / (1 - s) _ 2 ( ^W- 1 V^¥^-^fe ) A. 

11 d it/ 2(p+l) -.s a(p+l) , 

Now, let T := C2 p+l / (1 - s) 2 1 (p+ 2 ) ; s a ft ds. Choosing e > sufficiently small such that 

e p T < 1, one concludes that A = 0. This proves part 1 of the theorem. 

In order to prove part 2, let 5 = 1 — ^^-(p+ 1) and < t < T as in Theorem 12.41 One can write 
5 = ^-^- — h — *^f- — ^r-{p + 1) + h+ 1. Again, one subtracts the equations for u and v, and bound 



t~ — h 



Sit — s)(u \u\ p — v \v \ )ds 



/o 



<Ci^^ / (i- S )" -^ 8- "P ^^(s "P P (ll^)llf p+2)0o) + lb(^)llf p+2i0o) )) *-^- h ||u(«)-«(»)||(^ a , o ) cto 



Jo 



Hence, 

i^-ft || u(t) _ V (t)|| (p+2i0o) < t 2 **"* || 5 (t)(^ - ^)ll (p+2 ,oo) 

i 



+ C2 p+1 e p t 5 / (1 - s)-^s-^ p+ V +h (ts)^- h \\u(ts) - v{ts)\\ {p+2jO0) ds 





Writing A := limsup t ^ 1~ ^H^) — ' u (*)ll(p+ 2 oo) < °°> one takes limsup in the last inequality to 

obtain 

< vl < C2 p+ W / (1 - s)~ a a - £ r fi (^- 1 )+ ft da limi 5 = 0. 
Jo *-* 

This concludes the proof. 
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